Abstract. In this paper we shall study the inverse problem relative to dynamics of the w function which is a special arithmetic function and shall get some results.
Introduction
In 2006, Wushi Goldring [4] proposed some problems and conjectures on dynamics of the w function and gave some interesting results. Recently Yong-Gao Chen and Ying Shi [2] , [3] made further progress on these problems. In this paper we shall study the inverse problem relative to dynamics of the w function.
We begin by introducing some notations. Let P be the set of prime numbers and P (n) denote the largest prime factor of integer n > 1. Write C 3 = {p 1 p 2 p 3 : p i ∈ P (i = 1, 2, 3), p i = p j (i = j)}, B 3 = {p 1 p 2 p 3 : p i ∈ P (i = 1, 2, 3), p 1 = p 2 or p 1 = p 3 or p 2 = p 3 , but not p 1 = p 2 = p 3 },
Then {p 1 p 2 p 3 : p i ∈ P (i = 1, 2, 3)} = C 3 ∪ B 3 ∪ D 3 ,
where no any two of C 3 , B 3 and D 3 intersect. Let
For n = p 1 p 2 p 3 ∈ A 3 , define the w function by w(n) = P (p 1 + p 2 )P (p 1 + p 3 )P (p 2 + p 3 ) and define w 0 (n) = n, w i (n) = w(w i−1 (n)), i = 1, 2, · · · , which is reasonable according to Lemma 1 in section 2.
Wushi Goldring [4] proved that for any n ∈ A 3 , there exists i such that w i (n) = 20. The smallest of such i is denoted by ind(n). He [4] proposed two conjectures on ind(n) (Conjectures 2.9 and 2.10) and gave the first upper bound for ind(n) which has been improved greatly by YongGao Chen and Ying Shi [2] recently. Wushi Goldring [4] also asked the following inverse problems:
1. For n ∈ A 3 , can we find m ∈ A 3 such that w(m) = n?
2. If so, how many such elements are there?
What form do they have?
For n ∈ A 3 , if there is m ∈ A 3 such that w(m) = n, then we call m a parent of n. If this m ∈ S ⊂ A 3 , then we call it S-parent of n. Wushi
Goldring [4] proved that there are infinitely many elements of B 3 which have at least seven parents. He proposed the following conjecture (Conjecture 2.16 in [4] ).
Conjecture (Wushi Goldring). Every element of A 3 (respectively B 3 ) has infinitely many C 3 -parents (respectively B 3 -parents).
Yong-Gao Chen and Ying Shi [3] proved that for any given positive integer k, there are infinitely many elements of B 3 which have at least k B 3 -parents. On the other hand, they [3] proved that there are infinitely many elements of B 3 which have no B 3 -parent.
In this paper we shall study parents of elements of C 3 . It is obvious that the element of C 3 has no B 3 -parent. We shall prove that there are infinitely many elements of C 3 which have enough C 3 -parents.
In the following, p, p 1 , p 2 , p 3 , q, r, r 1 , r 2 denote prime numbers and c 1 ,
We suppose that x is sufficiently large throughout.
Theorem 1.
There exists an element r 1 r 2 q of C 3 which satisfies
2 log x (i = 1, 2), q ≤ 4x and has at least c 1
We shall also prove that there are infinitely many elements of B 3 which have enough C 3 -parents.
Theorem 2. There exists an element qr 2 of B 3 which satisfies q ≤ 4x, x 1 2 log x < r ≤ 2x 1 2 log x and has at least c 2
Moreover, we shall prove that there are infinitely many elements of B 3
that have enough B 3 -parents, which is a quantitative improvement on the result of Yong-Gao Chen and Ying Shi [3] .
Theorem 3.
There exists an element qr 2 of B 3 which satisfies x < q ≤ 2x, x 1 2 log x < r ≤ 2x 1 2 log x and has at least c 3
This is Lemma 2.1 in [4] .
Lemma 2. Let n j (1 ≤ j ≤ Z) be distinct positive integers not exceeding N and Z(N ; r, a) denote the number of those n j which are congruent to a (mod r). If X ≥ 2, then we have
This is Theorem 1 in [1] , which is obtained by the large sieve method.
Lemma 3. We have
Proof. We see
Then Lemma 2 and the prime number theorem yield
Hence, Lemma 3 holds true.
The proof of Theorem 1
We note that if p > n 1 2 , then p| n ⇐⇒ P (n) = p. Then we have 
.
The prime number theorem yields
By the Cauchy inequality and Lemma 3, we have
We also have Combining the above estimates, we get
Now we shall confine w(p 1 p 2 p 3 ) to C 3 . We have
Similarly,
On the other hand, the number of triples (r 1 , r 2 , q) is O(
log x ), where x 1 2 log x < r i ≤ 2x 1 2 log x (i = 1, 2), q ≤ 4x. Therefore in the set in (2) , there are at least c 4 r 2 , q) . In other words, there are at least
So far the proof of Theorem 1 is finished.
The proof of Theorem 2
We have
By the inequality
we can get
log 5 x and Lemma 3 yields
Therefore
since the contribution from terms with p 1 p 2 p 3 ∈ C 3 is O(x 2 ).
On the other hand, the number of (q, r) with q ≤ 4x, x 1 2 log x < r ≤ 2x So far the proof of Theorem 2 is finished.
The proof of Theorem 3
By Lemma 3, we have
Hence,
Therefore there must be one pair (q, r) with x < q ≤ 2x, x 1 2 log x < r ≤ 2x 1 2 log x such that there are at least 
which is a contradiction.
For this pair (q, r), there are at least Results in this paper were reported at the "combinatorial and analytic number theory" seminar in Nanjing Normal University in September, 2007 and were reported at the fifth Japan-China seminar on number theory in Osaka in August, 2008.
